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Solid Rocket Propellant Design

Space Shuttle launch image courtesy NASA.gov

Geometry design with single material is not enough to  
achieve both desired thrust and eliminate insulation !!
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General Material Design Optimization Pipeline

Costly analysis!

Maybe black box! 

Complex physics!

Difficult to derive analytical gradients

Numerical gradients are not practical 
 for large scale problems

min
F

f(F)

s.t. gi(F)  0
(1)
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Model reduction approach to reduce number of optimization 
variables

min
w

f(w)

s.t. gi(w)  0
(1)
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Reduce number of design variables 
without compromising analysis quality!

Represent the field as a combination of 
small set of basis functions! 
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min
F

f(F)

s.t. gi(F)  0
(1)

<latexit sha1_base64="Z1jJ9nPe2oHCStrXak8j3YwOBi8="></latexit><latexit sha1_base64="Z1jJ9nPe2oHCStrXak8j3YwOBi8="></latexit><latexit sha1_base64="Z1jJ9nPe2oHCStrXak8j3YwOBi8="></latexit><latexit sha1_base64="Z1jJ9nPe2oHCStrXak8j3YwOBi8="></latexit>

�(F) = 0
<latexit sha1_base64="Zz12h/TZvxG6s4dUn6ujbpojgQg=">AAACDXicbVDLSsNAFJ3UV42vqEs3g1Wom5KIoBuhKIjLCvYBTSiTyaQdOpmEmYlQQn7Ajb/ixoUibt2782+ctFlo64VhDufcyz33+AmjUtn2t1FZWl5ZXauumxubW9s71u5eR8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr++LrQuw9ESBrzezVJiBehIachxUhpamAdmW5rROuuH7NATiL9ZW6E1Agjlt3k+Qm8hLY5sGp2w54WXAROCWqgrNbA+nKDGKcR4QozJGXfsRPlZUgoihnJTTeVJEF4jIakryFHEZFeNr0mh8eaCWAYC/24glP290SGIllY1Z2FUzmvFeR/Wj9V4YWXUZ6kinA8WxSmDKoYFtHAgAqCFZtogLCg2ivEIyQQVjrAIgRn/uRF0DltOHbDuTurNa/KOKrgAByCOnDAOWiCW9ACbYDBI3gGr+DNeDJejHfjY9ZaMcqZffCnjM8fqfOaoQ==</latexit><latexit sha1_base64="Zz12h/TZvxG6s4dUn6ujbpojgQg=">AAACDXicbVDLSsNAFJ3UV42vqEs3g1Wom5KIoBuhKIjLCvYBTSiTyaQdOpmEmYlQQn7Ajb/ixoUibt2782+ctFlo64VhDufcyz33+AmjUtn2t1FZWl5ZXauumxubW9s71u5eR8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr++LrQuw9ESBrzezVJiBehIachxUhpamAdmW5rROuuH7NATiL9ZW6E1Agjlt3k+Qm8hLY5sGp2w54WXAROCWqgrNbA+nKDGKcR4QozJGXfsRPlZUgoihnJTTeVJEF4jIakryFHEZFeNr0mh8eaCWAYC/24glP290SGIllY1Z2FUzmvFeR/Wj9V4YWXUZ6kinA8WxSmDKoYFtHAgAqCFZtogLCg2ivEIyQQVjrAIgRn/uRF0DltOHbDuTurNa/KOKrgAByCOnDAOWiCW9ACbYDBI3gGr+DNeDJejHfjY9ZaMcqZffCnjM8fqfOaoQ==</latexit><latexit sha1_base64="Zz12h/TZvxG6s4dUn6ujbpojgQg=">AAACDXicbVDLSsNAFJ3UV42vqEs3g1Wom5KIoBuhKIjLCvYBTSiTyaQdOpmEmYlQQn7Ajb/ixoUibt2782+ctFlo64VhDufcyz33+AmjUtn2t1FZWl5ZXauumxubW9s71u5eR8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr++LrQuw9ESBrzezVJiBehIachxUhpamAdmW5rROuuH7NATiL9ZW6E1Agjlt3k+Qm8hLY5sGp2w54WXAROCWqgrNbA+nKDGKcR4QozJGXfsRPlZUgoihnJTTeVJEF4jIakryFHEZFeNr0mh8eaCWAYC/24glP290SGIllY1Z2FUzmvFeR/Wj9V4YWXUZ6kinA8WxSmDKoYFtHAgAqCFZtogLCg2ivEIyQQVjrAIgRn/uRF0DltOHbDuTurNa/KOKrgAByCOnDAOWiCW9ACbYDBI3gGr+DNeDJejHfjY9ZaMcqZffCnjM8fqfOaoQ==</latexit><latexit sha1_base64="Zz12h/TZvxG6s4dUn6ujbpojgQg=">AAACDXicbVDLSsNAFJ3UV42vqEs3g1Wom5KIoBuhKIjLCvYBTSiTyaQdOpmEmYlQQn7Ajb/ixoUibt2782+ctFlo64VhDufcyz33+AmjUtn2t1FZWl5ZXauumxubW9s71u5eR8apwKSNYxaLno8kYZSTtqKKkV4iCIp8Rrr++LrQuw9ESBrzezVJiBehIachxUhpamAdmW5rROuuH7NATiL9ZW6E1Agjlt3k+Qm8hLY5sGp2w54WXAROCWqgrNbA+nKDGKcR4QozJGXfsRPlZUgoihnJTTeVJEF4jIakryFHEZFeNr0mh8eaCWAYC/24glP290SGIllY1Z2FUzmvFeR/Wj9V4YWXUZ6kinA8WxSmDKoYFtHAgAqCFZtogLCg2ivEIyQQVjrAIgRn/uRF0DltOHbDuTurNa/KOKrgAByCOnDAOWiCW9ACbYDBI3gGr+DNeDJejHfjY9ZaMcqZffCnjM8fqfOaoQ==</latexit>

thousand-millions tens-hundreds



Representing Material Distributions Using Shape Harmonics

We represent a field with fewer parameters 
using Laplacian basis

+

+ + +

+ +
=

F = Bw
<latexit sha1_base64="FywZ08jLvzaSswMV6sZ2MjBeJKA=">AAACInicbVBNS8MwGE79nPOr6tFLcBM8jXYX9SCMCeJxgvuAtYw0TbewtClJqozS3+LFv+LFg6KeBH+M6dbD3Hwh5MnzvC95n8eLGZXKsr6NldW19Y3N0lZ5e2d3b988OOxInghM2pgzLnoekoTRiLQVVYz0YkFQ6DHS9cbXud59IEJSHt2rSUzcEA0jGlCMlKYG5mXV8Tjz5STUV+qESI0wYulNlsErOC81s/nXY1YdmBWrZk0LLgO7ABVQVGtgfjo+x0lIIoUZkrJvW7FyUyQUxYxkZSeRJEZ4jIakr2GEQiLddGoxg6ea8WHAhT6RglN2fiJFocx30525B7mo5eR/Wj9RwYWb0ihOFInw7KMgYVBxmOcFfSoIVmyiAcKC6l0hHiGBsNKplnUI9qLlZdCp12yrZt/VK41mEUcJHIMTcAZscA4a4Ba0QBtg8ARewBt4N56NV+PD+Jq1rhjFzBH4U8bPL3RRpXY=</latexit><latexit sha1_base64="FywZ08jLvzaSswMV6sZ2MjBeJKA=">AAACInicbVBNS8MwGE79nPOr6tFLcBM8jXYX9SCMCeJxgvuAtYw0TbewtClJqozS3+LFv+LFg6KeBH+M6dbD3Hwh5MnzvC95n8eLGZXKsr6NldW19Y3N0lZ5e2d3b988OOxInghM2pgzLnoekoTRiLQVVYz0YkFQ6DHS9cbXud59IEJSHt2rSUzcEA0jGlCMlKYG5mXV8Tjz5STUV+qESI0wYulNlsErOC81s/nXY1YdmBWrZk0LLgO7ABVQVGtgfjo+x0lIIoUZkrJvW7FyUyQUxYxkZSeRJEZ4jIakr2GEQiLddGoxg6ea8WHAhT6RglN2fiJFocx30525B7mo5eR/Wj9RwYWb0ihOFInw7KMgYVBxmOcFfSoIVmyiAcKC6l0hHiGBsNKplnUI9qLlZdCp12yrZt/VK41mEUcJHIMTcAZscA4a4Ba0QBtg8ARewBt4N56NV+PD+Jq1rhjFzBH4U8bPL3RRpXY=</latexit><latexit sha1_base64="FywZ08jLvzaSswMV6sZ2MjBeJKA=">AAACInicbVBNS8MwGE79nPOr6tFLcBM8jXYX9SCMCeJxgvuAtYw0TbewtClJqozS3+LFv+LFg6KeBH+M6dbD3Hwh5MnzvC95n8eLGZXKsr6NldW19Y3N0lZ5e2d3b988OOxInghM2pgzLnoekoTRiLQVVYz0YkFQ6DHS9cbXud59IEJSHt2rSUzcEA0jGlCMlKYG5mXV8Tjz5STUV+qESI0wYulNlsErOC81s/nXY1YdmBWrZk0LLgO7ABVQVGtgfjo+x0lIIoUZkrJvW7FyUyQUxYxkZSeRJEZ4jIakr2GEQiLddGoxg6ea8WHAhT6RglN2fiJFocx30525B7mo5eR/Wj9RwYWb0ihOFInw7KMgYVBxmOcFfSoIVmyiAcKC6l0hHiGBsNKplnUI9qLlZdCp12yrZt/VK41mEUcJHIMTcAZscA4a4Ba0QBtg8ARewBt4N56NV+PD+Jq1rhjFzBH4U8bPL3RRpXY=</latexit><latexit sha1_base64="FywZ08jLvzaSswMV6sZ2MjBeJKA=">AAACInicbVBNS8MwGE79nPOr6tFLcBM8jXYX9SCMCeJxgvuAtYw0TbewtClJqozS3+LFv+LFg6KeBH+M6dbD3Hwh5MnzvC95n8eLGZXKsr6NldW19Y3N0lZ5e2d3b988OOxInghM2pgzLnoekoTRiLQVVYz0YkFQ6DHS9cbXud59IEJSHt2rSUzcEA0jGlCMlKYG5mXV8Tjz5STUV+qESI0wYulNlsErOC81s/nXY1YdmBWrZk0LLgO7ABVQVGtgfjo+x0lIIoUZkrJvW7FyUyQUxYxkZSeRJEZ4jIakr2GEQiLddGoxg6ea8WHAhT6RglN2fiJFocx30525B7mo5eR/Wj9RwYWb0ihOFInw7KMgYVBxmOcFfSoIVmyiAcKC6l0hHiGBsNKplnUI9qLlZdCp12yrZt/VK41mEUcJHIMTcAZscA4a4Ba0QBtg8ARewBt4N56NV+PD+Jq1rhjFzBH4U8bPL3RRpXY=</latexit>

10k quad mesh 8 weights

• Fourier expansion of signal into harmonics (sin + cos 
functions) can be applied to manifold decomposition 

• Fourier bases are eigenfunctions of the Laplacian on 
the unit interval  

• Spherical harmonics are eigenfunctions of the 
Laplacian on the sphere 

• Idea can be generalized to harmonics over any manifold 

• Weighted sum of manifold harmonic basis can be used 
to describe shape and material in a ‘frequency domain’

�iei = Lei
<latexit sha1_base64="EUcKZv+kh0Bqxc5P9Sn9DyQr5t8=">AAACMnicbVDLSsNAFJ34rPUVdelmsAiuSiKCboSiGwUXFewDmhAmk2k7dDITZiZCCfkmN36J4EIXirj1I5y0WdjWC8Mczj2Xe+4JE0aVdpw3a2l5ZXVtvbJR3dza3tm19/bbSqQSkxYWTMhuiBRhlJOWppqRbiIJikNGOuHouuh3HolUVPAHPU6IH6MBp32KkTZUYN96zIgjFFDohYJFahybLyMBzeElnOG8GOkhRiy7y3O4oK4Gds2pO5OCi8AtQQ2U1QzsFy8SOI0J15ghpXquk2g/Q1JTzEhe9VJFEoRHaEB6BnIUE+Vnk5NzeGyYCPaFNI9rOGH/TmQoVoU7oyxsq/leQf7X66W6f+FnlCepJhxPF/VTBrWARX4wopJgzcYGICyp8QrxEEmEtUm5CMGdP3kRtE/rrlN3789qjasyjgo4BEfgBLjgHDTADWiCFsDgCbyCD/BpPVvv1pf1PZUuWeXMAZgp6+cXhRGrhg==</latexit><latexit sha1_base64="EUcKZv+kh0Bqxc5P9Sn9DyQr5t8=">AAACMnicbVDLSsNAFJ34rPUVdelmsAiuSiKCboSiGwUXFewDmhAmk2k7dDITZiZCCfkmN36J4EIXirj1I5y0WdjWC8Mczj2Xe+4JE0aVdpw3a2l5ZXVtvbJR3dza3tm19/bbSqQSkxYWTMhuiBRhlJOWppqRbiIJikNGOuHouuh3HolUVPAHPU6IH6MBp32KkTZUYN96zIgjFFDohYJFahybLyMBzeElnOG8GOkhRiy7y3O4oK4Gds2pO5OCi8AtQQ2U1QzsFy8SOI0J15ghpXquk2g/Q1JTzEhe9VJFEoRHaEB6BnIUE+Vnk5NzeGyYCPaFNI9rOGH/TmQoVoU7oyxsq/leQf7X66W6f+FnlCepJhxPF/VTBrWARX4wopJgzcYGICyp8QrxEEmEtUm5CMGdP3kRtE/rrlN3789qjasyjgo4BEfgBLjgHDTADWiCFsDgCbyCD/BpPVvv1pf1PZUuWeXMAZgp6+cXhRGrhg==</latexit><latexit sha1_base64="EUcKZv+kh0Bqxc5P9Sn9DyQr5t8=">AAACMnicbVDLSsNAFJ34rPUVdelmsAiuSiKCboSiGwUXFewDmhAmk2k7dDITZiZCCfkmN36J4EIXirj1I5y0WdjWC8Mczj2Xe+4JE0aVdpw3a2l5ZXVtvbJR3dza3tm19/bbSqQSkxYWTMhuiBRhlJOWppqRbiIJikNGOuHouuh3HolUVPAHPU6IH6MBp32KkTZUYN96zIgjFFDohYJFahybLyMBzeElnOG8GOkhRiy7y3O4oK4Gds2pO5OCi8AtQQ2U1QzsFy8SOI0J15ghpXquk2g/Q1JTzEhe9VJFEoRHaEB6BnIUE+Vnk5NzeGyYCPaFNI9rOGH/TmQoVoU7oyxsq/leQf7X66W6f+FnlCepJhxPF/VTBrWARX4wopJgzcYGICyp8QrxEEmEtUm5CMGdP3kRtE/rrlN3789qjasyjgo4BEfgBLjgHDTADWiCFsDgCbyCD/BpPVvv1pf1PZUuWeXMAZgp6+cXhRGrhg==</latexit><latexit sha1_base64="EUcKZv+kh0Bqxc5P9Sn9DyQr5t8=">AAACMnicbVDLSsNAFJ34rPUVdelmsAiuSiKCboSiGwUXFewDmhAmk2k7dDITZiZCCfkmN36J4EIXirj1I5y0WdjWC8Mczj2Xe+4JE0aVdpw3a2l5ZXVtvbJR3dza3tm19/bbSqQSkxYWTMhuiBRhlJOWppqRbiIJikNGOuHouuh3HolUVPAHPU6IH6MBp32KkTZUYN96zIgjFFDohYJFahybLyMBzeElnOG8GOkhRiy7y3O4oK4Gds2pO5OCi8AtQQ2U1QzsFy8SOI0J15ghpXquk2g/Q1JTzEhe9VJFEoRHaEB6BnIUE+Vnk5NzeGyYCPaFNI9rOGH/TmQoVoU7oyxsq/leQf7X66W6f+FnlCepJhxPF/VTBrWARX4wopJgzcYGICyp8QrxEEmEtUm5CMGdP3kRtE/rrlN3789qjasyjgo4BEfgBLjgHDTADWiCFsDgCbyCD/BpPVvv1pf1PZUuWeXMAZgp6+cXhRGrhg==</latexit>

B = [e1, e2, ..., ek]
<latexit sha1_base64="/Ni9v5obI9cQSRxSpvBSvWJGepo=">AAACNHicbZBLS8NAEMc3Pmt9RT16WSyChxKSIuhFKPUieKlgH5CGsNls2qWbB7sboYR8KC9+EC8ieFDEq5/BTZtDHw4s++c3M8zM30sYFdI037W19Y3Nre3KTnV3b//gUD867oo45Zh0cMxi3veQIIxGpCOpZKSfcIJCj5GeN74t8r0nwgWNo0c5SYgTomFEA4qRVMjV7wdezHwxCdWXtXJ4A+15Qlwrry+CRl43DGMJjnMHVl29ZhrmNOCqsEpRA2W0Xf114Mc4DUkkMUNC2JaZSCdDXFLMSF4dpIIkCI/RkNhKRigkwsmmR+fwXBEfBjFXL5JwSuc7MhSKYj9VGSI5Esu5Av6Xs1MZXDsZjZJUkgjPBgUpgzKGhYPQp5xgySZKIMyp2hXiEeIIS+VzYYK1fPKq6DYMyzSsh8tas1XaUQGn4AxcAAtcgSa4A23QARg8gzfwCb60F+1D+9Z+ZqVrWtlzAhZC+/0D8oerjg==</latexit><latexit sha1_base64="/Ni9v5obI9cQSRxSpvBSvWJGepo=">AAACNHicbZBLS8NAEMc3Pmt9RT16WSyChxKSIuhFKPUieKlgH5CGsNls2qWbB7sboYR8KC9+EC8ieFDEq5/BTZtDHw4s++c3M8zM30sYFdI037W19Y3Nre3KTnV3b//gUD867oo45Zh0cMxi3veQIIxGpCOpZKSfcIJCj5GeN74t8r0nwgWNo0c5SYgTomFEA4qRVMjV7wdezHwxCdWXtXJ4A+15Qlwrry+CRl43DGMJjnMHVl29ZhrmNOCqsEpRA2W0Xf114Mc4DUkkMUNC2JaZSCdDXFLMSF4dpIIkCI/RkNhKRigkwsmmR+fwXBEfBjFXL5JwSuc7MhSKYj9VGSI5Esu5Av6Xs1MZXDsZjZJUkgjPBgUpgzKGhYPQp5xgySZKIMyp2hXiEeIIS+VzYYK1fPKq6DYMyzSsh8tas1XaUQGn4AxcAAtcgSa4A23QARg8gzfwCb60F+1D+9Z+ZqVrWtlzAhZC+/0D8oerjg==</latexit><latexit sha1_base64="/Ni9v5obI9cQSRxSpvBSvWJGepo=">AAACNHicbZBLS8NAEMc3Pmt9RT16WSyChxKSIuhFKPUieKlgH5CGsNls2qWbB7sboYR8KC9+EC8ieFDEq5/BTZtDHw4s++c3M8zM30sYFdI037W19Y3Nre3KTnV3b//gUD867oo45Zh0cMxi3veQIIxGpCOpZKSfcIJCj5GeN74t8r0nwgWNo0c5SYgTomFEA4qRVMjV7wdezHwxCdWXtXJ4A+15Qlwrry+CRl43DGMJjnMHVl29ZhrmNOCqsEpRA2W0Xf114Mc4DUkkMUNC2JaZSCdDXFLMSF4dpIIkCI/RkNhKRigkwsmmR+fwXBEfBjFXL5JwSuc7MhSKYj9VGSI5Esu5Av6Xs1MZXDsZjZJUkgjPBgUpgzKGhYPQp5xgySZKIMyp2hXiEeIIS+VzYYK1fPKq6DYMyzSsh8tas1XaUQGn4AxcAAtcgSa4A23QARg8gzfwCb60F+1D+9Z+ZqVrWtlzAhZC+/0D8oerjg==</latexit><latexit sha1_base64="/Ni9v5obI9cQSRxSpvBSvWJGepo=">AAACNHicbZBLS8NAEMc3Pmt9RT16WSyChxKSIuhFKPUieKlgH5CGsNls2qWbB7sboYR8KC9+EC8ieFDEq5/BTZtDHw4s++c3M8zM30sYFdI037W19Y3Nre3KTnV3b//gUD867oo45Zh0cMxi3veQIIxGpCOpZKSfcIJCj5GeN74t8r0nwgWNo0c5SYgTomFEA4qRVMjV7wdezHwxCdWXtXJ4A+15Qlwrry+CRl43DGMJjnMHVl29ZhrmNOCqsEpRA2W0Xf114Mc4DUkkMUNC2JaZSCdDXFLMSF4dpIIkCI/RkNhKRigkwsmmR+fwXBEfBjFXL5JwSuc7MhSKYj9VGSI5Esu5Av6Xs1MZXDsZjZJUkgjPBgUpgzKGhYPQp5xgySZKIMyp2hXiEeIIS+VzYYK1fPKq6DYMyzSsh8tas1XaUQGn4AxcAAtcgSa4A23QARg8gzfwCb60F+1D+9Z+ZqVrWtlzAhZC+/0D8oerjg==</latexit>



Key Observation

basis functions
low frequency high frequency



Sliding Basis Optimization

nopt
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Sliding Basis Optimization



Sliding Basis Optimization

actively optimized bases

all bases used to represent the field

We usually get convergence using only a small set of basis functions!



Sliding basis optimization is a top level framework 
that works with existing optimization methods

This optimize step can be implemented  
using general nonlinear optimizers



Sliding basis optimization speeds up differentiable problems, too

@f

@w
=

@f

@F
@F
@w

(1)
<latexit sha1_base64="7FbuqRXdwqx9lY0JosXF/J3czrQ="></latexit><latexit sha1_base64="7FbuqRXdwqx9lY0JosXF/J3czrQ="></latexit><latexit sha1_base64="7FbuqRXdwqx9lY0JosXF/J3czrQ="></latexit><latexit sha1_base64="7FbuqRXdwqx9lY0JosXF/J3czrQ="></latexit>

min
w

f(w)

s.t. gi(w)  0
(1)
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F = Bw
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Gradients w.r.t. basis weights can be found  
through simple matrix multiplication with B

If gradients are derived  
for the full resolution



min
w

X

t

(th(w)� thtarget)
2

s.t. rb(w)i > rin

(1)
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Sliding Basis Optimization

OutputInputs
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Progression of thrust profile match through the sliding basis optimization  
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Progression of thrust profile match through the sliding basis optimization  

basis functions

20 active basis

0 2 4 6 8
Time [s]

0

2000

4000

6000

8000

Th
ru

st
 [N

]

optimized
target

Slide by 15



Progression of thrust profile match through the sliding basis optimization  

basis functions
20 active basis

Slide by 15
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Progression of thrust profile match through the sliding basis optimization  

basis functions

20 active basis
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min
w

uTK(w)u

s.t. m(w)/m0  mfrac

K(w)u = F

(1)
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Multi-material Topology Optimization 
Through Sliding Optimization Steps

2GPa 3GPa

basis functions

Complexity increases as high  
frequency bases are incorporated!

active bases

Discrete material fields!



1.5GPa 2GPa 3GPa

Material Distribution Optimization



Conventional VS Reduced Order

Objective: 252316  Time: 1945sec

Fixed Basis — Objective: 287876   Time: 173sec

Sliding Basis —  Objective: 253040   Time: 42sec

Optimize for each pixel Optimize for weights of the Laplacian basis 
(Ours)

Comparable Objective Values

Reduced Order Faster



Effect of sliding amount, ns
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A Versatile Design Optimization Tool

The main contributions of the presented work: 

• An optimization technique we call sliding basis optimization to 
efficiently explore parameterized design space 

• Practical material design method with prescribed bounds using 
Laplacian basis 

• Enabling optimization of material distributions for new applications 
coupled with black-box analysis



Recent Developments

    Sliding basis topology optimization - a modular system

Goal is not to match the geometry but achieve comparable performance faster!!

Sliding Basis Topology Optimization  
Using 50 Bases

Conventional  Topology Optimization (TOP88) 
Using 10k elements

Compliance objective: 287.8 Compliance objective: 302.2 

MBB problem



Thank you!

Sliding Basis Optimization for Heterogeneous Material Design

nulu@parc.com

mailto:nulu@parc.com
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Why not automatic differentiation?

• Numerical differentiation is already implemented and default option in many 
optimization software. 

• But our approach can also work with automatic differentiation. 

• One disadvantage of automatic differentiation is that it cannot be used with truly 
black-box components.


